An asymptotic solution is suggested for a thin isotropic spherical shell subject to uniform external pressure and concentrated load. The pressure is the main load and a concentrated lateral load is considered as a perturbation that decreases buckling pressure. First, the post-buckling solution of the shell under uniform pressure is constructed. A known asymptotic result for large deflections is used for this purpose. In addition, an asymptotic approximation for small post-buckling deflections is obtained and matched with the solution for large deflections. The proposed solution is in good agreement with numerical results. An asymptotic formula is then derived, with the load-deflection diagrams analyzed for the case of combined load. Buckling load combinations are calculated as limiting points in the load-deflection diagrams. The sensitivity of the spherical shell to local perturbations under external pressure is analyzed. The suggested asymptotic result is validated by a finite element method using the ANSYS simulation software package.
Introduction
Thin shell structures find wide applications in many branches of engineering. Examples include aircraft, spacecraft, nuclear reactors, tanks for liquid and gas storage, and pressure vessels. Engineers have to reduce the weight and cost of the structures, reducing their thickness and applying advanced materials and technologies. This is especially important for aircraft and launch vehicles. Cylindrical and spherical shells are often used as elements in such structures. Because of the thinness of the structures, buckling is the most common failure mode. The classical buckling pressure of a complete elastic thin spherical shell was obtained by R. Zoelly [1] , for more details see also [2] 
Here E is the Young modulus, h and R are the thickness and radius of the shell's mid-surface, respectively, and β = 3(1 − ν 2 ), with ν denoting the Poisson's ratio.
It should be noted that the classical result (1) is obtained in assumption that the shell is geometrically perfect. However, in reality the presence of various external and internal perturbations including geometrical imperfections can reduce the buckling load to a small fraction of the classical value. This is illustrated by Figure  1 , where the ratio of experimental critical load values q exp to the classical q c are plotted versus R/h, see [3] . As described in the above-cited article, the limiting curve presented in [4] corresponds to the lower bound for most of the known experimental results. It may be observed from the graph that as the shell becomes thinner, the ratio q exp /q c decays so the classical results need refinement. As established by Koiter [5] , extreme sensitivity of the structure occurs due to its nonlinear post-buckling behavior.
Perturbations reducing the critical buckling load can be classified by their nature, including initial deviation from perfect spherical shape of the shell (geometrical imperfections), additional load or deflections caused by the load, and perturbations characterized by energy which can lead to shell buckling. Lateral inward-directed point load is the most common factor among external perturbations decreasing buckling value of the main load.
In the present research we study the effect of additional concentrated load and deflections considering the shell of perfect spherical shape.
A simple solution for the combination of external pressure and concentrated load has been obtained by Sabir [6] . The author considered two regions: the dimple, or inner region, and the rest of the shell, or outer region. It is assumed that each region suffers small displacements from a spherical surface, namely the unstrained surface for the outer region, and a surface of equal but reversed curvature for the inner region. However, the obtained result is not accurate enough because of the assumption that the equilibrium state can be described by linear equations. The nonlinear behavior of a shell under concentrated load has been investigated, for example in [7, 8] . As shown in later works, the buckling loads calculated in [6] exceed significantly the results obtained in experiments [9] and in the numerical analysis presented below in the paper. In this paper we will employ the asymptotic methodology described in [10] .
The aim of this paper is to obtain a simple but accurate approximate solution for further analysis of the effect of perturbations on the buckling pressure. The obtained formulas may also be used for the estimation of buckling loads at the design state of a real structure under considered load combination.
The paper is organized as follows. The post-buckling solution of the shell under uniform external pressure is obtained in Section 2, starting from the nonlinear shallow-shell equations describing rotationally symmetric deformations. An asymptotic solution obtained in [11] for large deflections is described. In addition, an approximate formula for small post-buckling deflections is obtained and matched with the solution for large deflections. In Section 3 this approach is generalized to the case of a combined load. The obtained analytical results are validated numerically. Section 4 contains a description of the ANSYS shell model, the main results of the calculations, and their discussion.
Post-buckling behavior of perfect shell under external pressure

Shallow shell equations
The nonlinear shallow-shell equations will be employed below, relying on the assumption that the size of the buckling and post-buckling section of the shell surface is small compared to its radius. We consider rotationally symmetric deformations assuming that boundary conditions will not affect the result of the analysis. From previous studies [10] it is known that the assumption is justified provided that the concentrated load is applied at a distance of about 2 √ Rh from the shell boundary. 
where D = Eh 3 /12(1 − ν 2 ) is the bending stiffness, ∇ 4 is the biharmonic operator in the polar coordinate r (see Figure 2 ), and q is external pressure, see [2] .
Large deflections
In order to introduce the methodology in this subsection we describe the idea and present the main results of an asymptotic approach suggested in [11] for a thin isotropic spherical shell experiencing large deflections compared to shell thickness. The complete asymptotic analysis for large deflections of a shell of revolution has been presented in [12, 13] . The consideration is based on the parameter
which has been introduced in [11] , being proportional to the ratio of shell thickness h to the deflection amplitude w 0 . It is small for deflections which are large compared to shell thickness. On introducing the scaling
the parameter ε 2 appears at highest order derivatives in the equations
At leading order (ε = 0) we have two solutions The first corresponds to the initial trivial state of the shell (region F 1 in Figure 2 ). The second (region F 2 ) is a reflection of a part of initial mid-surface of the shell with respect to plane A, which is normal to the rotation axis. This is pure bending of the shell in absence of membrane stresses (mid-surface isometric transformation). The main deformation energy of the shell with large deflections is concentrated in a narrow zone (inner boundary layer) smoothly connecting the regions F 1 and F 2 , which can be calculated separately. In contrast, the work of external pressure and concentrated load applied at the shell pole does not depend on the boundary layer deformation in terms of the first order asymptotic analysis. It is defined by an inverted part F 2 .
The solution may be presented as follows
where the first terms correspond to the isometric transformation of the shell mid-surface, whereas the rapidly changing boundary layer functions w 1 and φ 1 smoothly connect F 1 and F 2 . The nonlinear coupled equations for the boundary layer functions are given by
subject to the following boundary conditions
Here the derivatives are taken with respect to the "fast" variable t = (1 − z)/ε. It is remarkable that the boundary value problems (7) and (8) do not depend on shell parameters, load level and deflection amplitude. This is due to the new variable z introduced in equation (4). It should be emphasized that the inner boundary layer is always located in the vicinity of z = 1, independent of load and deflection amplitude. Therefore the boundary layer problem should be solved once, and the result will be valid for different values of load, deflection amplitude and shell parameters. Now it can be solved numerically.
The relationship between the load and the deflection amplitude is established by variation of total potential energy with respect to parameter ε (or deflection amplitude). The boundary layer deformation energy is defined as
where
and
Finally, the following asymptotic approximation forq has been derived in [11] for the shell under uniform external pressureq A similar result with an additional multiplier of (1 − ν 2 ) 1/4 has been obtained in [14] , however this involves initial geometrical assumptions (isometric transformation) of the shell's mid-surface for large deflections.
In Figure 3 the precise experimental results [15] are represented by the dotted lines labeled 5. They yield the upper and lower bounds of the obtained data. The shell specimens were manufactured from melded copper which evaporated in vacuum and condensed on the ceramic substrate of the spherical form. This methodology allowed minimizing the influence of the imperfections, which was quite moderate according to Figure 3 for q ≤ 0.5, increasing only at an external pressure parameter of about 0.6.
The dashed curve 4 corresponding to the asymptotic formula (12) is compared with experimental results (curve 5), and numerical solutions [16, 17] depicted by solid line 2, calculated for the complete spherical shell with the ratio R/h = 100. A good agreement between experimental and numerical results is observed, however the asymptotic formula (12) yields a good approximation only for a large deflection amplitude. The curves 1 and 3 will be described later in this section and correspond to the proposed approximations.
Initial post-buckling analysis
In the previous section we described the solution obtained in [11] which is valid for large deflections. Since our goal in the present paper is an asymptotic formula for the entire range of deflection amplitude, in this section we derive the solution for small deflections. Below we implement the asymptotic form of the solution suggested by Koiter [5] 
where a and b are the coefficients defining the post-buckling curve in the vicinity of classical critical load. If they are negative, the curve is decreasing and the structure is sensitive to imperfections. Using the assumption that the deformations are rotationally symmetric, Thompson [18] has shown that the slope of the pressure-deflection curve is negative
However the coefficient a is small for thin shells as h/R 1, and can be neglected in our asymptotic analysis. Usually it is relatively easy to calculate the coefficient a because it is defined by the classical buckling mode of the structure. Evaluation of the coefficient b is a much more complicated problem, especially for thin shells having numbers of buckling modes corresponding to a set of very close eigenvalues (the buckling loads). This is the case for a spherical shell under external pressure, and the coefficient b has not been calculated yet for this structure due to the complexity of the problem.
In order to define the initial post-buckling behavior of the shell we suggest considering a special intermediate equilibrium state, when the curvature of the shell surface at the pole of the sphere is equal to 0. This state can be defined as
In addition we have the symmetry condition dW dr = 0 at the pole of the sphere, and therefore equations (2) decouple. The first equation may be simplified to the form of the plate bending equation
This can be considered as a limiting form of the original equations (2) (15) we have the intermediate value
we obtain from equation (16) the following expansion as x → 0
On the other hand, deformations of the shell are diminishing as x → ∞, therefore we can linearize equations (2) for large x, with the approximate solution given bȳ
Ifq = 1, equation (19) is an asymptotic representation of the Bessel function (x → ∞), which is a buckling mode of a perfect spherical shell, see for example [2] . An approximate solution suitable for entire range of variable x may be found in the form
Indeed, in view of the symmetry, this function is even and has the same representation as equation (19) when x → ∞. At the same time its expansion as x → 0 should coincide with equation (18) . The power 6 in the term (1+x 6 ) 1/12 is taken for the sake of simplicity, because it can be omitted while deriving the expansion of equation (20) when x → 0. On the other hand, the power 1/12 is chosen in order to provide (1 + x 6 ) 1/12 /x ∼ x −1/2 as x → ∞. We also note the approximation for the intermediate point
of the post-buckling load-deflection curve, following from equation (18) . According to equation (21), w 0 ≈ 0.71h for ν = 0.3, therefore the obtained solution (18) is an intermediate nonlinear one. For small deflections the solution for the spherical shell under external pressure is given by the classical buckling mode (expressed through a Bessel function). For large deflections the solution is close to an isometric transformation of the middle shell surface with an inner boundary layer ( Figure 2) . The corresponding deflection function (20) is shown in Figure 4 by a solid line. Numerical solution [19] is represented here by a dashed line for comparison (R/h = 100).
The function (13) 
with corresponding curve 3 in Figure 3 . Formula (23) shows a good approximation of the post-buckling shell behavior for small deflections (q ≥ 0.8).
We would like to emphasize that we used the Koiter's form of the post-buckling solution representation but not the post-buckling theory itself. However, the obtained approximation (23) for small deflections is good enough for our purposes.
Padé approximation
It is remarkable that both solutions (12) and (23) (curves 4 and 3 in Figure 3 , respectively) do not depend on shell parameters, therefore we can join them to obtain an approximate solution for the entire range of defection amplitude. For techniques matching different asymptotic solutions the reader is referred to [20, 21] . Below we employ the two-point Padé functions [22] for this purpose. They are rational functions
where the coefficients are defined by asymptotic expansions (12) and (23) of the functionq(ε) for large and small deflections respectively. As a result, we have α 0 = 0, 
The corresponding curve 1 is presented in Figure 3 . It is in a very good agreement with numerical (curve 2) and experimental data in the entire range of deflection amplitude.
Combined load
Lateral perturbation point load is used to analyze the sensitivity of axially compression-loaded cylindrical shells to imperfections and estimate the lower bound of the buckling value of the main load, see [23] [24] [25] . Here we consider a combination of external pressure with lateral concentrated force applied to a spherical shell. We rely on the asymptotic formulas obtained in [10] for the case of a spherical shell under concentrated load Q without external pressure, which may be presented as
The first term of this formula is an asymptotic solution for large deflections [10] and is actually very close to solutions obtained in [14] and [26] . The second corresponds to the linear solution for small deflections. The formula is valid for the entire range of deflection amplitude. Introducing parameter ε according to equation (3) and solving the quadratic equation for the load parameter we havē
whereQ 0 denotes the load parameterQ when the external pressure is equal to 0, and
In the case of combined load and large deflections we have the following asymptotic result
In addition, we have the obvious conditionQ → 0 asq → 1. Using this observation along with the asymptotic expansion (30) for large deflections, and equation (28) ifq → 0 we can construct the solution for load combination, which is an approximation for arbitrary deflection amplitude and the parameterq
whereQ 0 andq 0 are defined by equations (25) and (28) respectively. The approximation (31) accumulates all of the above mentioned properties. First of all, formula (31) yields the asymptotic behavior (30) obtained for the combined load. This approximation is valid for large deflection. For small deflections we satisfied the conditionQ → 0 asq → 1. IfQ = 0, then we haveq =q 0 from equation (31), which corresponds to formula (25) obtained for the entire range of deflection amplitude for the shell in the absence of a concentrated load. Similarly, in the case ofq = 0, we have obtainedQ =Q 0 given by the formula (28) which is also suitable for entire range of deflections if external pressure is absent, for more details see [10] . The load-deflection diagram can be obtained from (31) for the given external pressureq.
The limiting point on the diagram yields a buckling loadQ * .
Numerical results and discussion
The approximation of the solution in the form (31) is heuristic and therefore needs validation by another method. For this purpose we used ANSYS mechanical software (version ANSYS 13.0, customer 298728). 
ANSYS model
For the finite element (FE) shell model generation the standard ANSYS FE library element SHELL 281 is used. This element is intended to be used for shells with small and moderate thicknesses. The element has one additional node in the middle of every edge, which allows the creation of models with fewer elements. The FE shell model is regular in both directions, and every element is square in the plane, except for several elements in the middle part of the shell. The average element edge size is 35 mm. The number of elements is about 4800.
Numerical analysis was carried out in a geometrically nonlinear formulation. The solution is realized within the standard geometrically nonlinear options implemented in ANSYS.
We examined a hemisphere with boundary conditions corresponding to hinge support: for the radial and tangent displacements zero boundary conditions are imposed on the entire circumference. The shell model has the following geometrical characteristics: the radius of the mid-surface is R = 1000 mm; the thickness is h = 5 mm, so that (R/h = 200). Material properties are specified as follows: the Young modulus E = 2 GPa, and Poisson's ratio ν = 0.3.
ANSYS FE model is shown in Figure 5 . The deformed spherical shell has just reached the stage before buckling starts. Here the corresponding pressure parameter isq = 0.2, the concentrated load parameter is Q = 0.341, and the deflection amplitude is w 0 /h = 1.56.
Discussion of the results
The load-deflection diagram sketched according to equation (31) is shown in Figure 6 (curve 1) for the external pressure parameterq = 0.2. There are two special points in the graph. The first corresponds to the maximum concentrated load parameterQ * . It matches the shell buckling in the case when the load is given and remains constant while shell is buckling (for example, dead weight). The second point with deflection amplitudew * corresponds to the load parameterQ = 0. This case is related to the local lateral kinematic perturbation when the deflection is given (for example, loading by screw with one side constraint of the shell surface). On the other hand, this equilibrium state corresponds to the post-buckling behavior of the shell under external pressure described by formula (25) and represented by curve 1 in Figure 3 (Q = 0). Analyzing this type of perturbation in Figure 3 , one can conclude that the shell is significantly less sensitive to kinematic perturbations compared to initial deflections. For example, buckling pressure corresponding to kinematic perturbation with deflection amplitude w 0 /h = 1 is about 70% of the classical value while the initial geometrical imperfections with the same amplitude can decrease buckling pressure by up to 30% of the classical value [27] , because deflections are increasing significantly with pressure before buckling while loading the imperfect shell by external pressure.
The numerical solution obtained using ANSYS is represented by curve 2 in Figure 6 . There is good agreement between numerical and analytical results for both main buckling parameters including the maximum concentrated loadQ * and the kinematic perturbationw * .
In Figure 7 the buckling combinations of concentrated load and external pressure are shown (curve 1: analytical solution based on equation (31); curve 2: numerical result). The analytical solution obtained by Sabir [6] is represented by curve 3. The suggested formula (31) yields a much better approximation of the numerical results than Sabir's solution. If the corresponding deflection amplitude at buckling loadQ * is large enough, we can use the simple asymptotic formula (30) and derive the approximation for the maximum of concentrated load parameter
The associated curve 4 is represented in Figure 7 . Babenko and Prichko [15] studied the problem using both experimental and numerical methods. The numerical results are very close to those obtained above using ANSYS. Their lower bound of experimental results coincides with our asymptotic solution (31), while their upper bound is close to the solution obtained by Sabir. The methodology of manufacturing shell specimens from copper was the same as that in [9] .
Some calculation results are presented in Table 1 . It is observed that the solution of Sabir [6] is an upper bound estimate. Maximum relative error is reached by large deflections and is about 20%. This difference is due to the linear formulation employed in [6] . If one used linear equations in our asymptotic analysis of the inner boundary layer (Figure 2 ) for large deflections, the coefficient J 0 would be J 0 = 2 √ 2 (instead of J 0 = 2.23), which is exceeds the one obtained through a more accurate nonlinear analysis by 20%. A simple formula (32) is valid for small external pressure parameterq ≤ 0.15. It is also clear from the data in Table 1 that the asymptotic formula (31) yields results with very good accuracy ifq ≤ 0.5, which covers all practical cases.
To estimate the sensitivity of the spherical shell to the additional concentrated load we consider the ratio of the load to resultant pressure on the spherical cap with base radius r 0
is the slenderness of a shell. For a complete sphere or a hemisphere we have
If the ratio is not small, we have to consider the structure under combined load and can obtain buckling loads using equation (31). If the concentrated load is small and not completely defined, it can be considered as additional perturbation. Let us assume for example that the concentrated load is only 2% of the resultant pressure. Then Q πr 2 0 = 3Q k 2q = 0.02.
Curve 1 in Figure 8 shows the corresponding buckling pressure parameter versus shell slenderness. The curve exhibits significant sensitivity of the structure to concentrated lateral load perturbation. The sensitivity increases dramatically with increasing shell slenderness. It is similar to the sensitivity to initial geometrical imperfection. This is reasonable because initial deflections lead not only to a change of the structure shape, but also yield the effect of additional inward load, which seems more important as a factor that decreases buckling pressure. Curve 2 in Figure 8 corresponds to the concentrated load which is only 1% of the resultant pressure. Both curves in Figure 8 are similar to the limiting curve in Figure 1 .
Conclusions
The approximate analytical solution is suggested for a spherical shell buckling load combination of uniform external pressure and lateral concentrated load. The asymptotic formula (25) is suggested for post-buckling behavior of a thin spherical shell under uniform external pressure. It is in good agreement with numerical results. The asymptotic approach is expanded to the case of combined load. The result is validated by ANSYS. The influence of kinematic and force perturbations on the shell buckling under external pressure is analyzed. The sensitivity of the structure to concentrated load perturbation is revealed to be similar to the sensitivity of the structure to initial geometric imperfections. Among further directions of this research we mention the analysis of the sensitivity of the shell to different types of external and internal perturbations.
